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Abstract 

We prove that the algebra I n := K(x\ , . . . , x„, . . . , g§-, J x , ■ ■ ■ , f n ) of integro-differential 
operators on a polynomial algebra is a prime, central, catenary, self-dual, non-Noetherian alge- 
bra of classical Krull dimension n and of Gelfand-Kirillov dimension 2n. Its weak homological 
dimension is n, and n < gldim(I n ) < 2n. All the ideals of I„ are found explicitly, there are 
only finitely many of them (< 2 2 ), they commute (ab = ba) and are idempotent ideals 
(a 2 = a). The number of ideals of I n is equal to the Dedekind number X)„. An analogue of 
Hilbert's Syzygy Theorem is proved for I„. The group of units of the algebra I n is described 
(it is a huge group). A canonical form is found for each integro-differential operators (by 
proving that the algebra I n is a generalized Weyl algebra). All the mentioned results hold 
for the Jacobian algebra A n (but GK(A n ) = 3n, note that I n C A n ). It is proved that the 
algebras I n and A n are ideal equivalent. 
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1 Introduction 

Throughout, ring means an associative ring with 1; module means a left module; N := {0, 1, . . .} 
is the set of natural numbers; K is a field of characteristic zero and K* is its group of units; 
P n := K [x%, . . . , x n ] is a polynomial algebra over K; d\ :— g^-,...,9„ := j^— are the partial 
derivatives (if -linear derivations) of P„; End^(P ra ) is the algebra of all if -linear maps from P n to 
P n ; the subalgebra A n :— K(xi, . . . , x n , d\, . . . , d n ) of End^ (P n ) is called the n'th Weyl algebra. 

Definition, [llj : The Jacobian algebra A n is the subalgebra of End^- (P n ) generated by the 
Weyl algebra A n and the elements iff , . . . , H~ x s End^(P„) where 

Hi := dixi,. ..,H n := d n x n . 

Clearly, A„ = ®" =1 Ai(i) ~ Af" where Ai(i) := K(x i ,d i ,Hr 1 ) ~ A t . The algebra A„ 
contains all the integrations J. : P n — y P n , p h4 J pdxi, since 

= XiHf 1 : x a ^ (a, + l)" 1 ^". 
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In particular, the algebra A„ contains the algebra I n := K{xi, . . . , x n , d±, . . . , d n , f, , . . . , J ) 
of polynomial integro- differential operators. Note that I„ = ®™ =1 Ii(*) — wnere := 
K(x l ,d i J i ). 

The paper proceeds as follows. In Section [2j two sets of defining relations are given for the 
algebra I„ (Proposition ^. 2j) ; a canonical form is found for each element of I n by showing that the 
algebra I„ is a generalized Weyl algebra (Proposition 12.21 (2)); the Gelfand-Kirillov dimension of 
the algebra I„ is 2n (Theorem 12.31) . 

In Section [3J a new equivalence relation, the ideal equivalence, on the class of algebras is 
introduced: two algebras A and B are ideal equivalent if there exists a bijection / from the set 
J (A) of all the ideals of the algebra A to the set J(B) of all the ideals of the algebra B such that, 
for all a, b € J {A), 

/(a+b) = /(a) + /(b), /(anb) = /(a)n/(b), f(ab) = /(a)/(b). 

The algebras I„ and A„ are ideal equivalent (Theorem 13. ip . As a result, we have for free many 
results for the ideals of I„ using similar known results for the ideals of A n of [TT] . Name just a 
few: 

• I„ is a prime, catenary algebra of classical Krull dimension n, and there is a unique maximal 
ideal a n of the algebra I„ . 

• ab = ba and a 2 = a for all a, b S J{f n )- 

• The lattice J (In) is distributive. 

• Classifications of all the ideals and the prime ideals of the algebra I„ are given. 

• The set J{l n ) is finite. Moreover, |J"(I n )| = 0„ where 0„ is the Dedekind number, and 

+ <5„<2 2 ". 

• P n is the only (up to isomorphism) faithful simple I„-module. 

The fact that certain rings of differential operators are catenary was proved by Brown, Goodearl 
and Lenagan in |24) . 

In Section |4l it is proved that the factor algebra I„/a is Noetherian iff the ideal a is maximal 
(Proposition ; an d GK (I„/a) = 2n for all the ideals a of I n distinct from I„ (Lemma 14. 2[) . 

In Section [SJ for the algebra I„ an involution * is introduced such that d* = J., J. = d{, and 
H* = Hi, see (fT5)l . This means that the algebra I„ is 'symmetrical' with respect to derivations 
and integrations, a* ~ a for all ideals a of the algebra I„ (Lemma 15.11 (1)). Each ideal of the 
algebra I n is an essential left and right submodule of I„ (Lemma 15.21 (2)). The group I* of units 
of the algebra I„ is described: 

I* = K* x (1 + On)* ^K*x GL 00 (/v) k • • • x GL^K) 

V v ' 

2 n — l times 

and its centre is K* (Theorem l5.6[) . For n = 1, the group I* is found explicitly, I* ~ K* x GL oc (i ; C) 
(Corollary 15. 7p . The centre of the algebra I„ is K (Lemma 15.41 (2)). It is proved that, for a K- 
algebra A, the algebra A (g> I„ is prime iff the algebra A is prime (Corollary 15. 3[) . 

In Section [6l we prove that the weak (w.dim) dimension of the algebra I„ is n (Theorem 16. 2j) . 
Moreover, wdim(I„/p) = n for all the prime ideals p £ Spec(I„) (Corollary I6.4j) . Recall that for 
each Noetherian ring its weak dimension coincides with its global dimension (in general, this is 
wrong for non- Noetherian rings). In 1972, Roos proved that the global dimension of the Weyl 
algebra A n is n, [55]. This result was generalized by Chase [28] to the ring of differential operators 
on a smooth affine variety. Goodearl obtained formulae for the global dimension of certain rings 
of differential operators [3B], [37] (see also Levasseur [?5], and van den Bergh [SI])- Holland and 
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Stafford found the global dimension of the ring of differential operators on a rational projective 
curve [35] (see also Smith and Stafford [5"9"]V 

Many classical algebras are tensor product of algebras (eg, P n = P® n , A n — Af n , A„ = Af ™, 
I n = if", etc). In general, it is difficult to find the dimension d{A <g> B) of the tensor product 
of two algebras (even to answer the question of when it is finite). In [33], it was pointed out 
by Eilenberg, Rosenberg and Zelinsky that l the questions concerning the dimension of the tensor 
product of two algebras have turned out to be surprisingly difficult? An answer is known if one of 
the algebras is a polynomial algebra: 

Hilbert's Syzygy Theorem : d(P n ® B) = d{P n ) + d(B) =n + d(B), 

where d = wdim, gldim. In jS], [9], an analogue of Hilbert's Syzygy Theorem was established for 
certain generalized Weyl algebras A (eg, A = A n , the Weyl algebra): 

l.gldim(v4 <8> B) = l.gldim(A) + l.gldim(J3) 

for all left Noetherian finitely generated algebras B (K is an algebraically closed uncountable field 
of characteristic zero). In this paper, a similar result is proved for the algebra I„ and for all its prime 
factor algebras but for the weak dimension (Theorem I6.5[) . It is shown that n < gldim(I„) < In 
(Proposition I6.T[) . 

In Section we prove that the weak dimension of the Jacobian algebra A n is n (Theorem 
17. 2p . and wdim(A„/p) = n for all the prime ideals p € Spec(A„) ( Corollary 17. 3p . An analogue 
of Hilbert's Syzygy Theorem is proved for the Jacobian algebra A n and its prime factor algebras 
f Theorem 17. 4p . It is shown that n < gldim(A„) < 2n (Proposition 17. 5p . 

The algebra Ii = A\ (J) is an example of the Rota-Baxter algebra. The latter appeared in 
the work of Baxter [21] and further explored by Rota [56J [57] , Cartier [25] , and Atkinson [4: , and 
more recently by many others: Aguiar, Moreira [T]; Cassidy, Guo, Keigher, Sit, Ebrahimi-Fard 
[26] . [32] : Connes, Kreimer, Marcoli [29] , [30], name just a few. From the angle of the Rota-Baxter 
algebras the algebra Ii was studied by Regensburger, Rosenkranz and Middeke [5"4"] . 



2 Denning relations for the algebra I n 

In this section defining relations are found for the algebra I„ and it is proved that the algebra I n 
is a generalized Weyl algebra (Proposition 12. 2p of Gelfand-Kirillov dimension 2n (Theorem 12. 3p 
which is neither left nor right Noetherian (Lemma 12 .4p . 

Generalized Weyl Algebras. Let D be a ring, a — (a±, ...,a n ) be an n-tuple of commuting 
ring cndomorphisms of D, and a = (ai,...,a„) be an n-tuple of elements of D. The generalized 
Weyl algebra A = D(a, a) (briefly, GWA) of degree n is a ring generated by D and 2n elements 
Xi,...,x n , 2/i,..., y n subject to the defining relations [B], [7]: 

y t Xi = at, XiUi = ai(ai), 

Xid = ai(d)xi, dyi = ViO-i(d), deD, 

i x i, x j] = [Vi, Vj] = foi,yj] =0, i ^ j, 

where [x,y] — xy — yx. We say that a and a are the sets of defining elements and endomorphisms 
of A respectively. For a vector k = (ki,...,k n ) S Z", let Vk = ^(1) ■•■Vh n (n) where, for 1 < 
i < n and m > 0: v m (i) = X™, V- m (i) — y™, vo(i) = 1. It follows from the definition that 
A = © feeZ „ Ak is a Z™-graded algebra (AkA e C Ak+ e , for all k, e 6 Z"), where Ak = Vk,-Dvk,+ ; 
Vk,+ '■= Ylk>o an< ^ v k,- — Yik <o Ufe i(*)- ^ ne tensor product (over the ground field) A® A' 

of generalized Weyl algebras of degree n and n' respectively is a GWA of degree n + n': 

A® A' = D®D'((T,T'),(a,a')). 
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Let V n be a polynomial algebra K[H\, . . . , H n ] in n indeterminates and let a = (eri, o~ n ) be 
the n-tuple of commuting automorphisms of V n such that o~i(Hi) = Hi — 1 and o~i(Hj) = Hj, for 
i =/= j. The algebra homomorphism 

An->V n ((<ru...,(Tn)){Hl)---,Hn))i %i ^ d% i-> Vi, i=l,...,n, (1) 

is an isomorphism. We identify the Weyl algebra j4„ with the GWA above via this isomorphism. 
Note that Hi = diXi — Xidi + 1. 

It is an experimental fact that many small quantum algebras/groups are GWAs. More about 
GWAs and their generalizations the interested reader can find in p| l3j fT2l ITBl H6 l H7 | [T8 | [T9 | l20l 

m mi no ini m in in m isni ed m m isa gdi- 

Suppose that A is a if-algebra that admits two elements x and y with j/x = 1. The element 
xy € A is an idempotent, (xy) 2 = xy, and so the set xyAxy is a JsT-algebra where cn/ is its identity 
element. Consider the linear maps a — <J x ,yi T = T x,y '■ A — > A which are defined as follows 

<i(a) = xay, r(a) = yax. (2) 

Then rcr = id^ and ar{a) = xy ■ a ■ xy, and so the map a is an algebra monomorphism with 
cr(l) = xy and 

A = a(A)0ker(r). (3) 

In more details, <j(A) n ker(r) = since rcr = id^- Since (ct) 2 = trr, we have the equality 
A = im((7r) ® im(l — err). Clearly, im(crr) C im(cr) and im(l — err) C ker(r) as rcr = id^. Then 
A = im(cr) + ker(r), i.e. Q holds. In general, the map r is not an algebra endomorphism and 
its kernel is not an ideal of the algebra A. Suppose that the algebra A contains a subalgebra D 
such that cr(.D) C D (and so xy — er(l) £ D), and that the algebra A is generated by D, x, and 
y. Since yx — 1, we have x % Dv ~ D and DDy 1 ~ D. It follows from the relations: 

yx = l, xy = a(l), 

xd = a(d)x, dy = ya(d), d £ D, 

that A = X)i>i + *^2i>()Dx l . Suppose, in addition, that the sum is a direct one. Then the 
algebra A is the GWA D(a,l). 

Lemma 2.1 [M] ifeep i/ie assumptions as above, i.e. A = D(x,y) = ©j>i y'-D (J) ©i>o ari< ^ 
ct(_D) C D. Then A = D(a, 1). //, in addition, t{D) C D and </ie element xy is central in D. 
Then Dx z = xW and Dy 1 = y l D for alli>l. 

Definition, |13j . The algebra 8„ of one-sided inverses of P n is an algebra generated over a field 
K by 2n elements x\, . . . , x n , y n , . . . ,y n that satisfy the defining relations: 

2/1 xx = ■■■ = y n x n = 1, [xi,yj] = [xi,Xj] = [yi, yj] = for all i ^ j, 

where [a, b] := ab — ba is the algebra commutator of elements a and b. 

By the very definition, the algebra § ra ~ Sf n is obtained from the polynomial algebra P n by 
adding commuting, left (but not two-sided) inverses of its canonical generators. The algebra Si 
is a well-known primitive algebra [39], p. 35, Example 2. Over the field C of complex numbers, 
the completion of the algebra §i is the Toeplitz algebra which is the C*-algebra generated by 
a unilateral shift on the Hilbert space i 2 (N) (note that y\ — x*). The Toeplitz algebra is the 
universal C*-algebra generated by a proper isometry. 

The Jacobian algebra A„ contains the algebra §„ where 

yi ■= H^di,. ..,y n := H^dn. 
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Moreover, the algebra A n is the subalgebra of Endx(-Pn) generated by the algebra S„ and the 2n 
invertible elements H^ 1 , . . . , H^ 1 of End#-(P„). 

The algebras S„ and A„ are much more better understood than the algebra I„. We will see 
that the three classes of algebras have much in common. In particular, they are GWAs. Moreover, 
we will deduce many results for the algebra I„ from known results for the algebras § n and A„ in 

dH, [13], M- 

The algebra §„ is a GWA. Clearly, S„ = S x (l) <g> • • • <g) §i(n) ~ Sf n where Si(i) := 
K(x l ,y i \y i x i = 1} ~ Sx and S„ = a)( g EN » Kx a y 13 where ir Q := x" 1 ■■■x% n , a = (ai,...,a n ), 
yP :— yf 1 • • • y^ 71 , (3 = (fix, ■ ■ ■ , /?«)■ In particular, the algebra § n contains two polynomial subalge- 
bras P n and Q n := K[y\, . . . , y n ] and is equal, as a vector space, to their tensor product P n <g> Q n . 
Note that also the Weyl algebra A n is a tensor product (as a vector space) P n <g> i^[9x> • ■ • , d n ] of 
its two polynomial subalgcbras. 

When n — 1, we usually drop the subscript '1' if this does not lead to confusion (we do the 
same also for the algebras Ai, Ax and Ii). So, Si = K(x, y \ yx = 1) = 0^ - >0 Kx l y 3 . For each 

natural number d > 1, let Md{K) := 0f~l o KEij be the algebra of (/-dimensional matrices where 
{Eij} are the matrix units, and 

M^K) := \w§M d {K) = KE tJ 

ij'GN 

be the algebra (without 1) of infinite dimensional matrices. The algebra M oc ,(i4T) = @kez ^<x>(K)k 
is Z-graded where M oc (A') fe := ®^ =k KE l3 (M 00 (A') fc M 00 (K) ; C M^^k+i for all k,l 6 Z). 
The algebra Sx contains the ideal F := i jeN KE^, where 

En := aty' - s <+ V +1 , 0. (4) 

Note that J3y = x" l Eooy J and i?oo = 1 — ^2/- For all natural numbers i, j, k, and I, EijEki — SjkEu 
where Sjk is the Kronecker delta function. The ideal F is an algebra (without 1) isomorphic to 
the algebra M^K) via E^ h4 E^. In particular, the algebra F — 0fc 6 ^-Fx,fc is Z-graded where 
Fi,k ■■= 0i_ i=fe KEkj (F hk F h i C Fx )fc+i for all fc, I e Z). For all i, j > 0, 

xEij=E i+ ij, yEij = Ei-ij, EijX — Sjj-x, Eijy = Eij + i, (5) 

where -E-x.j := and £^-1 := 0. 

xFij = F i+ x,j +1 a;, Eijy = yE i+ x <j+1 . (6) 

Sx =J(ffliif[i] ©yX[y]®F, (7) 
the direct sum of vector spaces. Then 

Sx/F ~ AT^aT 1 ] =: I-x, x^x, y^x^ 1 , (8) 
since yx = 1, xy = 1 — £00 and -E^o £ -F 1 . 

The algebra §„ = (££)" =1 §x(*) contains the ideal 

n 

F?i := F ®« = KEa p, where :=l[E a ^(i), E a ^(t) := if yf 4 - x? +l y?' +1 . 

a„SeN™ i=l 

Note that E a fjE lp — 8p 1 E ap for all elements a,/3,j, p s N™ where <5^ 7 is the Kronecker delta 
function. 

Using Lemma l^Tl we can show that the algebra Sx(i) is the GWA Fx ! o(«)(o'i, 1) where Fx,o(«) : = 
K®® k >v KE kk{i) andai(a) = x { ayi (moreover, er 4 (l) = l-E 00 (i) and ai(E kk (i)) = E k+ x >k+1 {i)), 
Therefore, §„ = ®" =1 ¥ lfi (i){a h 1) = F n , ((<7i, . . . , a n ), (1, . . . , 1)) is a GWA (Lemma 3.3, [14]) 
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all a € Z™ where t>„ := n™=i an d vj(i) := ( 



where F n! o : = ^i,o(*)- The algebra F nj o is a commutative, non-finitely generated, non- 

Noetherian algebra, it contains the direct sum ®Q, eN 7i KE aa of ideals, hence F nj o is not a prime 
algebra. The algebra §„ = © QeZ „ is a Z n -graded algebra where S„ iQ = F n) ov Q = v a V nt o for 

'aj if j > 0, 
^ if j < 0. 

The map r, : S n — > §„, a i— > y^aXi, is not an algebra endomorphism but its restriction 
to the subalgebra F n ,o of S n is a A'-algebra epimorphism, ^(F^q) = 0i with ker(rj|]f nD ) = 
A-£ooM (8) ® j¥ < Fi,oO'). For all j £ N and d £ F n , 0) darj = 44 W and tfd = 4Wi- 

The algebra I n :— K(d±, . . . , d n , / 1; . . . , J ) o/ integro- differential operators with constant coef- 
ficients is canonically isomorphic to the algebra S n : 



^, y l H> di, i = 1, . . . ,n. (9) 



For n = 1 this is obvious since the map above is a well-defined epimorphism (since d j = 1) which 
must be an isomorphism as the algebra Zi is non-commutative but any proper factor algebra of 
Si is commutative JT3] . Then the general case follows since E> n ~ Sf " and I n ~ Zf"\ 

The Jacobian algebra A n is a GWA. The Jacobian algebra A„ = B„((eri, ...,<t„),(1,...,1)) 
is a GWA (Lemma 3.4, [TJ]) where B n := (g)" =1 Pi(i), 

Di(t) = £rW0^W 0^i,o (i), Fi,o(i) 

:= A 1 , (g. t - s)x := - s + E^^i), 

s,t>l * 1 S ' X 

C+(i) := K[Hf\(H i + l)-\(H i + 2)- 1 ,...}, 

and <Ji{a) = xiayi. In more detail, for all natural numbers s > and t > 1, 

o-i (£„(*)) = <7-i((fl"i-t) 1 ) = (fr < -t-l)io- i (l), 

o-i^) = - 1 = (Hi - l)o-i(l) = - l)io-<(l). 

The algebra D„ is a commutative, non-finitely generated, non-Noetherian algebra, it contains the 
direct sum (J) qGN ,i KE aa of ideals (and so D n is not a prime algebra). Note that HiE ss (i) = 
E ss (i)Hi = (s + l)E ss (i). Clearly, A„ = ®" =1 Ai(i) = ®£= x Bi (»)(tTi, 1)- The algebra A„ = 
©aeZ" is a Z ra -graded algebra where A„. Q = D n w Q = v a II) n , v a := FJ"=i v ai (i) and 



i xl if 7 > 0, 
H L J if (10) 



The map Ti \ A n — )■ A n , a i — >■ yiaxi, is not an algebra endomorphism but its restriction to the 
subalgebraO„ of A n is a AT-algebra epimorphism, rj(D n ) = D„, ker(ri|D„) = KEoo(i) ® ®j=4i Bi(j). 
In more detail, for a,6 sDj, 

r(a)r(&) = ya(l — Ego)bx = r(a6) — yaEoobx = r(a6), 

since a^oo^ £ KE 00 and yi?oo = 0. For all j £ N and d £ P n , dor- = a^if (d) and y^d = T J i (d)yj. 
Indeed, when n = 1, ccr(d) = (1 — Eoo)dx — dx — E^dx = dx since £00 d £ KEqq and -Ebo^ = 0. 

The algebra I„ is a GWA. Since Xi — LHi, the algebra I„ is generated by the elements 
{di, Hi, J". |» = l,...,n}, and I„ = ®" = M*) where h(i) := K^HjJ = K(di,Xi,^) ~ II 
By ©, when n = 1 the following elements of the algebra Ii — K(d, H, J), 

ea := [&- F U6N, (11) 







satisfy the relations: e^eu = Sjkeu. Note that e^ — J 1 eoo^- 7 . The matrices of the linear maps 
G End/^if [x]) with respect to the basis {x^ := ff} s eN of the polynomial algebra K[x] are 
the elementary matrices, i.e. 

. is] \ x[i] Xj = s, 



ifj^s. 



It follows that 



ij — n . ( Eij , (12) 



Kdj = KEij, and F = ® i:j >u Ke ij - M oo{K). Moreover, F n = © Q!(3eN „ Ke af3 where e Q( g := 

n"=l e ";ft W and e a,ft(*) : _= f"* d i[ ~ j?^ 1 d i' + 1 - 

The next proposition gives a finite set of defining relations for the algebra I„ and shows that 
the algebra I„ is a GWA (and so we have another set of defining relations for the algebra I„). 

Proposition 2.2 1. The algebra I„ is generated by the elements j v Hi \ i = 1, . . . , n} that 
satisfy the defining relations: 

V* : 9iJ=l, [Hi,J] = £, [Hi,di] = -di, Hi{\- Jdi) = {l- Jdi)Hi = l- Jdi 



Mi ^ j : a-iaj — ajCLi where G 



{9k, / ,H k }. 
Jk 



2. The algebra I„ = <g)™ =1 D^fa, 1) - D„((<7i, . . . , <r„), (1, . . . , 1)) is a GWA (J. o x t , 
8 t y l7 H { o ifj w/iere 79„ := ®? =1 -Di(i), I>i(i) := © tfe j3 (i), ffje^i) - 

ejj(i)Hi = (j + l)ejj(i), and the K -algebra endomorphisms <Ji of D n are given by the rule 
CTi(o) := ^adi (<Ti(Hi) — Hi - 1, aiejj(i)) = e j+ i ij+ i(i)). Moreover, the algebra I„ = 
©aez™ ^-n.a is Z" -graded where I„ >a = D n v a = v a D n for all a G Z™ where v a := Y[7=i v ai (*) 

and Wj(i) := < 1 i/ j = 0. 

.'V, ' i/i<0. 

5. (The canonical basis for the algebra l n ) In = © Q ez™ ^«>a arlc ^ / or a ^ a ^ 2", I n>a = 
v a , + D n v a - ~ £>„ f« ai+ du a ,_ o w/iere := Ila^o W and w a - := I\ at< o v a i ( i )- 
So, each element a G I„ is a unique finite sum a — J2aeZ" v a,+a a v a - for unique elements 
a a G D n . 

Proof. It suffices to prove the statements for n = 1 since I„ = ®" =1 Ii (*)- So, let n = 1 and 1^ 
be an algebra generated by symbols d, J, and ff that satisfy the defining relations of statement 1. 
The algebra Ii is generated by the elements d, J, and H; and they satisfy the defining relations of 
statement 1 as we can easily verify. Therefore, there is the natural algebra epimorphism 1^ — > Ii 
given by the rule: d i->- d, J i-> J , H i-> iJ. It follows from the relations of statement 1 and from 

the equalities e^ = < ^ & " ^ * ~~ ^' that 
[e^ 4 if i < j, 

i; = ]T ^ + Di + J2 f D 'i = E + + E ^ / 4 

i>l i>l J i>l i>l ^ 

where D[ := K(H) + ^2 i>0 Ken. Since d j = 1, the left Z^-modules and are isomorphic, 

and the right Z^-modulcs J 1 D\ and D[ are isomorphic. Using the Z-grading of the Jacobian 
algebra Ai and the fact that Ii C Ai, we have 

I, =0^0^00 [d, = 09^0^00^ f 

i>l t>l 17 i>l »>1 J 
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where D 1 = K[H]@@ i>0 Ke u = K [H] i>o KE U since Ke tl = KE U . Note that the left 

Di-modules D\ and Did 1 are isomorphic and the right £>i-modulcs D\ and p D\ are isomorphic 
since d J = 1. This implies that the sum for I[ above is a direct one. Therefore, I[ ~ Ii and the 
relations in statement 1 are defining relations for the algebra Ii and D[ = D±. The condition of 
Lemma O hold, and so I x = L>i(cr, 1) with D x f = f D x and D x d l = & l D x for alii > 1. The 
proof of statements 1 and 2 of the proposition is complete. 

Statement 3 follows from statement 2 and the fact that, for all a £ Z", the linear map 
In, a — > D n , b i-> u Qj _6u ai +, is a bijection since u Qi _i> Qi + = 1 and v Qj _it ai + = 1 where u a ,- '■= 

n ai >o v -«iW and : = n Ql<0 n 

Definition. For each element a £ I n , the unique sum for a in statement 3 of Proposition 12.21 is 
called the canonical form of a. 

The map : I„ — > I„ , a > c^a J., is not an algebra endomorphism but its restriction to the sub- 
algebra D n of I„ is a if -algebra epimorphism, t;(£>„) = D n with ker(T;|£> n ) = Keoo(i) ©j^i 
In more detail, for n = 1 and a, 6 £ -Di, 

r(a)r(6) = <9a(l — eoo)b J — r(ab) — dae^b J — r(ab) 

since ae o& £ Ke 00 and <9e 00 = 0. For all j £ N and d € D n , d f? = 7f (d) and <9?d = rf(d)d{. 
Indeed, for n = 1, f r(d) — (1 — eoo)d j — d j —e^d J = dj since eood £ ifeoo and eoo / = 0. 
Note that 

nm = Hi + Sa and n (e st (j)) = j W l{ 1 = J > (13) 

It follows that f|" =1 kei(Ti\ Dn ) = ^Il"=i e oo(«) = ^e 00 and f|"=i ker(r i |_ Dri - 1) = X. 

For the definition and properties of the Gelfand-Kirillov dimension GK the reader is referred 
to [47] and [49]. 

Theorem 2.3 The Gelfand-Kirillov dimension GK(I n ) of the algebra I„ is 2n. 

Proof. Since A n C l n , we have the inequality 2n = GK (A n ) < GK (I„). To prove the reverse 
inequality let us consider the standard filtration {I ri! i}igN of the algebra I„ with respect to the 
set of generators {di,H i ,j i \ i — l,...,n} of the algebra l n . By Proposition 12.31 l n A C f ni := 

© W <;V«Am where Am : = ®"=i A,<(j) and ^mC?) : = ©s=o^©©t=o^Mi)- Then 
dim(l nji ) < dim^j) < (2i + l) n (2i + 2)™, and so GK (I n ) < 2n, as required. □ 

Lemma 2.4 T7ie algebra I n is neither left nor right Noetherian. Moreover, it contains infinite 
direct sums of nonzero left (resp. right) ideals. 

Proof. Since I„ ~ if™, it suffices to prove the lemma for n = 1. The ideal F = 0^ - >0 if-E^ of 
the algebra Ii is the infinite direct sum 0j> o (©i>o KEij) ( res P- ©i>o(©j>o ^^ij)) 01 nonzero 
left (resp. right) ideals, and the statements follow. □ 

3 Ideals of the algebra I n 

In this section, we prove that the restriction map (Theorem 13. 1|) from the set of ideals J(A n ) of 
the algebra A n to the set of ideals J{I n ) of the algebra I„ is a bijection that respects the three 
operations on ideals: sum, intersection and product. As a consequence, we obtain many results 
for the ideals of the algebra I„ using similar results for the ideals of the algebra A„ in [TT], see 
Corollary [33] and Corollarv l3.4l a classification of all the ideals of I ra (there are only finitely many 
of them) and a classification of prime ideals of I„, etc. 
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Definition. Let A and B be algebras, and let J{A) and J{B) be their lattices of ideals. We 
say that a bijection / : J {A) — > J{B) is an isomorphism if /(a* b) = /(a) * /(b) for * G {+, •, n}, 
and in this case we say that the algebras A and B are ideal equivalent. The ideal equivalence is 
an equivalence relation on the class of algebras. 

The next theorem shows that the algebras A„ and I n are ideal equivalent. 

Theorem 3.1 The restriction map j7(A n ) — > J7(I„), a i— > a r := anl„, is an isomorphism (i.e. 
(oi * a2) r = a\* for * G {+, •, n} ) and its inverse is the extension map b !->• b e := A n bA n . 

Proof. The theorem follows from Theorem 13.21 □ 

Recall that F n , C I„ C A„ C End K (P n )- The subset of J(W nfi ), J(¥ nfi )^ T := {b G 
i7(F n ,o) | <Xi(£)) C b,Ti(b) C b for all i = l,...,n}, is closed under addition, multiplication and 
intersection of ideals where Ui(a) — ^adi and Ti(a) = dia J. (recall that the maps o~i,Ti : F„.o — > 
F Ki o are if-algebra homomorphisms; Ti(l) = 1 but o~i(l) = 1 — eoo(i))- 

Theorem 3.2 1. TVie restriction map J{f n ) — > J(^n.o)a.T, a t— j. a r := a n F„.o, is an iso- 
morphism (i.e. (ai * 02) r = * /or * G {+, -,n}j and its inverse is the extension map 
b^b e :=l„bl„. 

2. The restriction map J(A n ) — > J(¥ n fl)o,T , a n- a r := ofl F nj o, is an isomorphism (i.e. 
(ai * a2) r = 0.^*0.2 for * G {+, •, n} ) and its inverse is the extension map b i-> b 6 :— A„bA„. 

The proof of Theorem l3.2l is given at the end of this section. Now, we obtain some consequences 
of Theorem 13. II 

The next corollary shows that the ideal theory of I„ is 'very arithmetic' Let B n be the set of 
all functions / : {1, 2, . . . , n} — ► {0, 1}. For each function / G B n , If :— //(i) ® • • ■ €5 If( n ) is the 
ideal of I n where 1$ :— F and I\ := Ii . Let C n be the set of all subsets of B n all distinct elements of 
which are incomparable (two distinct elements / and g of B n are incomparable if neither f(i) < g(i) 
nor f(i) > g(i) for all i). For each C G C n , let Ic '■— Ylfec^ff tne ideal of I„. The number D„ of 
elements in the set C n is called the Dedekind number. It appeared in the paper of Dedekind [31 . 
An asymptotic of the Dedekind numbers was found by Korshunov [46] . 

Corollary 3.3 1. The algebra I„ is a prime algebra. 

2. The set of height one prime ideals of the algebra l n is {pi := F ® I„-i,pi := Ii <£> F ® 
I n _ 2 ,...,p„ :=I n _i(g)F}. 

3. Each ideal of the algebra I„ is an idempotent ideal (a 2 = a). 
4- The ideals of the algebra I„ commute (ab = ba). 

5. The lattice J(I n ) of ideals of the algebra I„ is distributive. 

6. The classical Krull dimension cl.Kdim(I„) of the algebra I„ is n. 

7. ab = a n b for all ideals a and b of the algebra I„. 

8. The ideal a n := pi + • • • + p n is the largest (hence, the only maximal) ideal of I n distinct 
from I n , and F n — F® n = f] i=1 pi is the smallest nonzero ideal ofI n . 

9. (A classification of ideals of I„) The map C n — > J{t n ), C i-> Ic '= Y^fec^f * s a bijection 
where 1$ :— 0. The number of ideals of l n is the Dedekind number 0„. Moreover, 2 — n + 
ST=i ^ < 5„ < 2 2 . For n = 1, F is the unique proper ideal of the algebra 1\. 

10. (A classification of prime ideals of I„) Let Sub„ be the set of all subsets of {1, . . . , n}. The 
map Sub„ — > Spec(I„), / t— > pj := ^2 ieI pi, 8^0, is a bijection, i.e. any nonzero prime 
ideal o/I„ is a unique sum of primes of height 1; |Spec(I„)| = 2"; the height of pi is \I\; and 
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II. p/ C pj iff I C J. 



Proof. By Theorem 13. 11 the statements hold for the algebra I„ since the same statements hold 
for the algebra A„, and below references are given for their proofs in [11] . 

1. Corollary 2.7.(5). 

2. Corollary 3.5. 

3. Theorem 3.1.(2). 

4. Corollary 3.10.(3). 

5. Theorem 3.11. 

6. Corollary 3.7. 

7. Corollary 3.10.(3). 

8. Corollary 2.7.(4,7). 

9. Theorem 3.1. 

10. Corollary 3.5. 

11. Corollary 3.6. □ 

For each ideal a of I n , Min(a) denotes the set of minimal primes over o. Two distinct prime 
ideals p and q are called incomparable if neither pCq nor p D q. The algebras I„ have beautiful 
ideal theory as the following unique factorization properties demonstrate. 

Corollary 3.4 1. Each ideal a of I n such that a I n is a unique product of incompara- 
ble primes, i.e. if a = qi • ■ • q s = ti • • • Vt are two such products then s = t and qi = 
ta-m, ■ ■ ■ , q s = *a(s) f or a permutation a of {1, . . . , n}. 

2. Each ideal a of I„ such that a ^ I„ is a unique intersection of incomparable primes, i. e. if 
a = qi fl • • • n q s = t\ Pi • • • n Xt are two such intersections then s = t and (\\ — r CT (i) , . . . , q s = 
r tr(s) for a permutation a of {1, ... ,n}. 

3. For each ideal a ofI n such that a ^ I„, the sets of incomparable primes in statements 1 and 
2 are the same, and so = qi • • ■ q s = qi H • • • H q s . 

4- The ideals qi, . . . , q s in statement 3 are the minimal primes of a, and so a = IlpeMin(a) P = 

n p eMm(a)P- 

Proof. The same statements are true for the algebra A„ (Theorem 3.8, [H]). Now, the corollary 
follows from Theorem l3.il □ 

The next corollary gives all decompositions of an ideal as a product or intersection of ideals. 

Corollary 3.5 Let a be an ideal ofl n , and M. be the minimal elements with respect to inclusion 
of the set of minimal primes of a set of ideals Oi , . . . , ftfc ofI n . Then 

1. a = ai ■ ■ ■ <Xk iff Min(a) = M . 

2. a = ai n • • • n a k iffMin(a) = M. 

Proof. The same statements are true for the algebra A„ (Theorem 3.12, 11 ), and the corollary 
follows from Theorem 13. II □ 

This is a rare example of a noncommutative algebra of classical Krull dimension > 1 where 
one has a complete picture of decompositions of ideals. Recall that a ring R of finite classical 
Krull dimension is called catenary if, for each pair of prime ideals p and q with p C q, all maximal 
chains of prime ideals, po = p C pi C • • • C p; = q, have the same length I. 

Corollary 3.6 The algebra I„ is catenary. 

Proof. This follows from CorollaryE3](10, 11). □ 
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Corollary 3.7 The same statements (with obvious modifications) of Corollaries cmrf pj^Tl hold 
for the ideals fJ(^ n ,o)a,T of the algebra F„.o rather than I„ (we leave it to the reader to formulate 
them). 

Proposition 3.8 The polynomial algebra P n is the only (up to isomorphism) faithful simple I n - 
module. 

Proof. The I n -module P n is faithful (as I„ C Endx(-P n )) and simple since the j4„-module P n 
is simple and A n C I„. Let M be a faithful simple I n -module. Then F n M ^ 0, i.e. eo^m ^ 
for some elements f3 G N n and rn G M. The I„-modulc P n ~ ^ n /Y^i=i^ndi is simple. Therefore, 
the I n -module epimorphism P n — > M = I„eo^m = X^aeN™ -^ e «/3 m J 1 ^ e o/3 m , is an isomorphism. 
The proof of the proposition is complete. □ 

For a ring R and its element r G R, ad(r) : s t— > [r, s] :~ rs — sr is the inner derivation of the 
ring i? associated with the element r. 

The proof of Theorem 13.21 We split the proof of Theorem 13.21 into several statements 
(which are interesting on their own) to make the proof clearer. 

The algebra D n is the zero component of the Z™-graded algebra I„ = D n ((ai, . . . , a n ), (1, . . . , 1)), 
hence o~i{D n ) C D n and Tj(Z?„) C D n for all i where o~i(a) — ^adi and Tj(a) = <9.j<2 J.. Let 
J{Dn) a ^ :— {b G J{D n ) | CTj(b) C b, Tj(b) C b for alH = 1, . . . , n}. Similarly, the algebra D„ is the 
zero component of the Z"-graded algebra A„ = B n ((<7i, . . . , er„), (1, . . . , 1)), hence o-j(B„) C B n 
and Tj(O n ) C B n for all i where ai(a) = Xiayi and Ti(a) = ytaxi. Let J(J$ n )a.T '■= {b G 
J(B n ) I oi(f») C b, n{b) C b for aU i = 1, . . . , nj. 

Theorem 3.9 1. For each ideal a of the algebra I„, a = a£Z „ v Q!+ a r v Qj _ where a r := a Pi 
■Dn 6 J{Dn)a,r an d, for each ideal b G J(D n ) a T , b e := I„bl n = a£Z „ Vo-.+ bva,- where 
v a,+ '■— Y[ a >o (*)> : ~ IIq <o Wct ; (*)» 0- n dvj(i) is defined in Provosition \2.2\ (2) . 

2. For each ideal a of the algebra A n , a = © QgZn v a .+<^ r v a ,- where a r := a D B„ G »7(Bn)oyr 
and, for each ideal b G J(P>n)a,T, b 6 := A„bA„ = © aeZ n u a) +b« a> _ where v a ,± are as above 
but the elements Vj(i) are defined in 110\) . 

Proof. 1. Let o be an ideal of the algebra I„. The algebra I„ = © QeZ ™ In, a is a Z™-graded 
algebra with I„. Q := f)™ =1 ker(ad(i?i) — ctij) for all a G Z n . Then a is a homogeneous ideal, 
that is o = ® q£Z „ a a where a a := a D I n ,a- The ideal do := afl D„ = cT of the algebra 
D n belongs to the set J{D n )<j,T since ai(ao) — J^odi Q ao and Tj(ao) = ditto ^ C ao for all 
i = By Proposition \2.2[ (2). a a — v a ,+ b a v a ^ for some ideal b a of the algebra D n : 

a a = D n a a D n = D n v at+ b a v a -D n = v at+ T at+ (D n )b a T a -(D n )v a - = v a>+ D n b a D n v a - since 
T a ,±(D n ) = D n where r Qi+ := n Qi >o r * and r «.- := n Qi <o T i- Let 

u a - := Y\_ v -ai(i), u a>+ := Jl[ (14) 

a,>0 Qi<0 

The ideal b a is unique since v a ,+ b a v a .- = v a , + b' a v a ,^ implies 

b a = 1 • b a ■ 1 = WQ,-U Q , + b Q U a ,_W Q!+ = U Q , i _U a)+ b^ a! ,-Wa,+ = 1 • b 'a m 1 = 

Moreover, b a = ao for all a G Z™ since ao 3 w Q!) _a nja u Q , > + = u Q , ) _W aj +b a ,W ai _w aj + = 1- b a - 1 = b Q . 
On the other hand, a„. Q D u Q + aow Q! _, and so ao C b a . 
Let b G J(D n ) atT . Then b er = b'since 

b C b er = (InblnY = KabK-a 

a£Z" 

= v a D n bD n v^ a fProposition l2.2l (2)') 

= cr Qi+ r Q ,_(b)u Q w- Q C bD„ = b, 

aeZ" 
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where <7q,.+ := J1 Q >o Therefore, b e = ® QeZ ,. v a ^bv at -, by the first part of statement 1. 

2. Repeat the proof of statement 1 replacing (I n ,D n ) by (A„,B„) and making obvious modi- 
fications. □ 

For each function / £ B n , let 



Note that f f G J(¥, 



ff 


■= f/(i) ® • ■ • s 


3 f/ ( „) where f := 


- Fi,o, fi ; — IFi.o; 




:= (»•••« 


5 9/( n ) where Oo : 


= Fi, , oi := £>i 


«t 


:= 3/( X ) (8) • • • G 


5 0' /(n) where 0[, : 


= F M , 9i := ©i 


n,0, 


CT ,r, 9/ G J{D n )a 


r , and £)'/ € J(B n 





Lemma 3.10 1. The map C n —¥ J^(Vn,o)o-,T, C l— ► fc •= 2/ecf/> * s a bijection where f$ := 0. 
ffi up C n — > ^T(D n )a,T > C |— ^ fc ; — X^/ec * s a bijection where 00 : — 0. 
3. The map C n — > i7(©n)(x,T, C H> 3 C := 53/eC^/> * s a bijection where 5^ := 0. 

Proof. 1. It follows from F„ :0 = ®" = i(#+HieN Ke jj( i ))^ "t^ji CO) = e j+ij"+i(*)> T i(ejj(i)) = 
e i-i,i-i(*)) e kk{i)ejj(i) = S 3 kejj(i) that any ideal b £ J7(F„ :0 )<t,t is a sum J2fec ff- Tnen & = fc 
for a unique element C £ C n (C is the set of all the maximal elements of C , it does not depend 
on C"), and so the map C H> fc is a bijection. 

2. Similarly, it follows from D n = ®>i=i(K[Hi\ + J2jeN ^ e jj(*))i T i{Hi) = Hi + 1 (hence 
K[Hi] = 1J S>1 ker(ri — l) s ) and the actions of the endomorphisms <7j, r, on the matrix units ejj(i) 
that any ideal b G J(D n ) aT is a sum 53 fee Then b = £>c for a unique element C £ C n (C is 
the set of all the maximal elements of C , it does not depend on C"), and so the map C (->• 0c is 
a bijection. 

3. Statement 3 follows from statement 2 since the commutative algebra D„ is a localization of 
the commutative algebra D n at the monoid generated by the set {(Hi— j)\ i = l,...,n;0^jgN} 
of nonzero divisors and 0' c = B n Z)c for all C G C„. □ 

Corollary 3.11 i. TTie restriction map J(D n ) ( y :T — >• J(F,, o)<r,Ti b i — ^ b r := b (~l F Ui o, is a" 
isomorphism (i.e. (b\ * b2) r = b\ * b£ /or * G {+, •, n} j cmc? its inverse is the extension map 
c h> t e := D n c. 

2. The restriction map J(^> n )tr.T <J(^n,o)a,r; b H> b r := b fl F n> o, is an isomorphism (i.e. 
(bi * b2) r = bi * b r 2 for * G {+, •, n} ) and its inverse is the extension map c 1 — J- c e := B n c. 

Proof. 1. Statement 1 follows from Corollary 13.101 (1.2') and the fact that U c = fc for all 

C G C„. 

2. Statement 2 follows from Corollary 13. 101 ( 1.3) and the fact that (fl c ) r = fc for all C G C n . 

□ 

Proof of Theorem \3.2\ 1. By Theorem 13.91 (1). the restriction map J7"(l„) — » J(D n ) ! y :T is an 
isomorphism and its inverse map is the extension map. By Corollary 13.111 (1). the restriction 
map J(D„) , T — ?• j7'(F n ) (TjT is an isomorphism and its inverse map is the extension map. Now, 
statement 1 is obvious. 

2. Similarly, by Theorem 13.91 (2). the restriction map J(h. n ) — > J7(D„) <T T is an isomorphism 
and its inverse map is the extension map. By Corollary 13. Ill (2). the restriction map JfDn),^ — > 
J7"(F„.o)o-.t is an isomorphism and its inverse map is the extension map. Now, statement 2 is 
obvious. □ 

Theorem 3.12 Let Id(I n ) be the set of all the idempotent ideals of the algebra I n . Then 
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1. the restriction mapX(l n ) — > Id(I n ), a M> o e := aC\I n is a bijection such that (ai*a2) r = a^*^ 
for * 6 {+, •, n} ; and its inverse is the extension map b i— > b e :— I„bl n . 

2. The restriction map Id(Z n ) — > J(^n,o)a,T, b H f) r := b fl ^n,o> * s a bijection such that 
(bi * &2) r = b\ * &2 f or * ^ {+: ') an d it s inverse is the extension map c M> c e := T n cl n . 

Proof. 1. Statement 1 follows from Theorem 13.21 (1) and statement 2. 

2. Statement 2 follows at once from a classification of the idempotent ideals of the algebra 
§„ ~X„ (Theorem 7.2, 13). □ 

4 The Noetherian factor algebra of the algebra I n 

The aim of this section is to show that the factor algebra I n /cin of the algebra I„ at its maximal 

ideal a n = pi H h pn is the only Noetherian factor algebra of the algebra I„ (Proposition 14. lj) . 

The factor algebra I„/o n . Recall that the Weyl algebra A n is the generalized Weyl algebra 
Vn((o~i, •••) c„), (J?i, . . . , H n )). Denote by S n the multiplicative submonoid of V n generated by 
the elements Hi + j where i — 1, .. . ,n and j 6 Z. It follows from the above presentation of 
the Weyl algebra A n as a GWA that S n is an Ore set in A n) and, using the Z™-grading of A n , 
that the (two-sided) localization A n :— S~ 1 A n of the Weyl algebra A n at S n is the skew Laurent 
polynomial ring 

A n = S^ 1 Vn[xf 1 ,...,x^ 1 ;a 1 ,...,a n ] (15) 
with coefficients in the algebra 

C n := S- x V n = K[Hf\ {H x ± l)- 1 , {H x ± 2)" 1 , . . .,H±\ (H n ± l)" 1 , (H n ± 2)" 1 , . . .], 

which is the localization of V n at S n . We identify the Weyl algebra A n with its image in the 
algebra An via the monomorphism, 

A n I An: %i l— ^ x ii C?i 1 ^ H^X^ , i = 1, . . . , 71. 

Let k n be the n'th Weyl skew field, that is the full ring of quotients of the n'th Weyl algebra 
A n (it exists by Goldie's Theorem since A n is a Noetherian domain). Then the algebra A n is a 
.ftf-subalgebra of k n generated by the elements Xi, x~ x , Hi and H± , i = l,...,n since, for all 
J6N, 

■II. Fj) 1 ■r; , H, i = l,...,n. (16) 

Clearly, .A„ ~ .Ax ® ' • " ® Ax (n times) . 

Recall that the algebra I„ is a subalgebra of A„ and the extension a n of the maximal ideal 
a n of the algebra I n is the maximal ideal of the algebra A n . By (22) of [IT], there is the algebra 
isomorphism (where a := a + a n ): 

A n /al -> A n , Xi i—t Xi, di^- Hix' 1 , Hf 1 i-» Hf 1 , i = 1, . . . , n. 

Since a n r — a n (Theorem 13. 1|) . the algebra B„ := I„/a„ is a subalgebra of the algebra A n /a n , and 
so there is the algebra monomorphism (where a := a + a n ): 

B n -> An, x~i H> Xi, di y-¥ H^ 1 , I ^ XiH^ 1 , Hi^ Hi, i = l,...,n. 

J i 

It follows that there is the algebra isomorphism: 

n 

B n ^<S> KlHiUdudi 1 ;^ = r n [dt\ . . . , d^ 1 ; n, . . . , r„], 

i=l 
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the RHS is the skew Laurent polynomial algebra with coefficients in the polynomial algebra V n = 
K\H\, . . . , H n ) where Ti(Hj) = Hj + Sij. It is a standard fact that 



where (A n )g 1 ,.. a„ is the localization of the Weyl algebra A n at the Ore subset of A n which is the 
submonoid of A n generated by the elements d\, . . . ,d n . Note that (A n )g l! ... j g n ~ (An) Xl Xn - It 
is well-known that the algebra B n is a simple, Noetherian, finitely generated algebra of Gelfand- 
Kirillov dimension 2n and l.gldim(_B„) = r.gldim(_B„) = n. 

Proposition 4.1 Let a be an ideal of the algebra !„ such that a ^ I„. The following statements 
are equivalent. 

1. The factor algebra I„/a is a left Noetherian algebra. 

2. The factor algebra I„/a is a right Noetherian algebra. 

3. The factor algebra I„/a is a Noetherian algebra. 



Proof. Note that the algebra B n = I„/a ra is a Noetherian algebra as a two-sided localization of 
the Noetherian algebra A n . Suppose that a ^ a„. Fix p 6 Min(a). Then p = pj := J2ieiPi f° r a 
non-empty subset / of the set {1, . . . , n} with m := |/| < n (Corollary (10) and Corollary I3.4[) . 
The factor algebra I„/p ~ B m ® I„_ m is neither left nor right Noetherian since the algebra I„_ m 
is so. The algebra I„/p is a factor algebra of the algebra I n /a. Then the algebra l n /a is neither 
left nor right Noetherian. Now, the proposition is obvious. □ 

Lemma 4.2 Let a be an ideal of the algebra l n distinct from I„. Then GK (I„/o) = In. 

Proof. It is well-known that GK (B n ) = 2n. Now, 2n = GK (I„) > GK (I„/a) > GK (I„/a„) = 
GK (B^) = In. Therefore, GK(I„/a) = 2n. □ 



5 The group of units of the algebra I n and its centre 

In this section, the group I* of units of the algebra 1„ is described (Theorem [521(1)) and its 
centre is found (Theorem 15.61 (2)). It is proved that the algebra I n is central (Lemma 15.41 (2')') and 
self-dual. 

The involution * on the algebra I„. Using the defining relations in Proposition 12 . 21 (1). we 
see that the algebra I n admits the involution: 



i.e. it is a if-algebra anti-isomorphism ((ab)* — b*a*) such that * o * = idi n . Therefore, the 
algebra I„ is self-dual, i.e. is isomorphic to its opposite algebra As a result, the left and the 
right properties of the algebra I„ are the same. For all elements a, (3 £ N n , 



B n — [A n )di,...A 



(17) 



4. a = a. 




(18) 



(19) 



An element a E I n is called hermitian if a* 



a. 



Lemma 5.1 



1. a* = a for all ideals a of the algebra 1 



2. (I n , a )* = ln.-a for all a £ Z" . 
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3. The set Fixi n (*) = {a G I„ | a* = a} of all the hermitian elements of the algebra I„ is the 
commutative subalgebra D n of the algebra I n . 

Proof. 1. By (0, p* = p 4 for all i = l,...,n (see Corollary 0(2)). By Corollary [331(4,9), 
a* =a. 

2. Note that D* = D n and v* = v_ a . By Proposition O (2), (I„, a )* = (v a D n )* = D n v_ a = 

^n, — a- 

3. By statement 2, Fixi ri (*) C D n . The opposite inclusion is obvious. Therefore, Fix[ n (*) = 
D n . □ 

The involution * of the algebra I„ respects the maximal ideal a n (a* = a„). Therefore, the 
factor algebra B n = I„/a„ inherits the involution *: d* = <9, _1 , x* = xi + , H* = Hi for 
i = l,...,n (since d* = /. = Sf 1 and a;* = (c^)* = Hidf 1 = d l x i d^ 1 = x 4 + df 1 ). 

The involution * of the algebra I„ can be extended to an involution of the algebra A„ by setting 

x* = H&, d* = [, (Hf 1 )* = Hf\ i = l,...,n. 

J i 

This can be checked using the defining relations coming from the presentation of the algebra A„ 
as a GWA. Note that y* = (H^d,)* = J. Hr 1 = Xl H^ 2 , A* n % A n , S£ % §„, but 1* = l n where 
I n is the algebra of integro-diffcrential operators with constant coefficients. 

For a subset S of a ring R, the sets 1. annas') ■ = {r £ R\rS = 0} and r.arniR(S') := {r e 
R | Sr = 0} are called the left and the right annihilators of the set S in R. Using the fact that the 
algebra I„ is a GWA and its Z n -grading, we see that 

Laxin In ([) = ($Ke k0 (i)(g)<g)h(j), r.ann In ( f) = 0. (20) 

ken i& 1 

r.annija,) = Ke ok (i) (g) (g) h(j), l.ann In (S i ) = 0. (21) 

fcGN i^j 

Recall that a submodule of a module that intersects non-trivially each nonzero submodule of the 
module is called an essential submodule. 

Lemma 5.2 1. For all nonzero ideals a of the algebra I n , l.anni n (a) = r.annj 7l (o) = 0. 
2. Each nonzero ideal of the algebra I„ is an essential left and right submodule ofl n . 

Proof. The algebra I„ is self-dual, so it suffices to prove only, say, the left versions of the 
statements. 

1. Suppose that b :— l.anni n (o) ^ 0, we seek a contradiction. By Corollary [331 (8), the nonzero 
ideals a and b contain the ideal F n . Then = ba 2 F% = F n ^ 0, a contradiction. Therefore, 
b = 0. 

2. Let I be a nonzero left ideal of the algebra I„. By statement 1, ^ F n I C F n P\I. Therefore, 
F n is an essential left submodule of the algebra I„ . Then so are all the nonzero ideals of the algebra 
I n since F n is the least nonzero ideal of the algebra I„ . □ 

Corollary 5.3 Let A be a K -algebra. Then the algebra I n ® A is a prime algebra iff the algebra 
A is so. 

Proof. It is obvious that if the algebra A is not prime (ob = for some nonzero ideals a and b 
of A) then the algebra I„ <£> A is neither (since I n <g> o • I„ (8> b = 0). 

It suffices to show that if the algebra A is prime then so is the algebra I n A. Let c be a 
nonzero ideal of the algebra I n <g> A. Then F n c ^ 0, by Lemma [5. 21 (1). Note that F n c C c. Let 
u = E a p (E> a + • • • + E a p ® a' be a nonzero element of F n c where E a p , . . . , E ap are distinct matrix 
units; a, ... ,a' £ A, and a ^ 0. Then ^ E a p ® a — E aa uEpp £ a, and so F n ® AaA C c. Let D 
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be a nonzero ideal of the algebra I„ ® A. Then F n ® C for some nonzero element 6 G A 
Then 

cO D F n ® AaA ■ F n ® A6A = F„ ® (AjA ■ AA) 7^ 

since F% — F n and AaA • AbA ^ (A is a prime algebra). Therefore, I„ ® A is a prime algebra. □ 
The centre of the algebra I„. For an algebra A and its subset S, the subalgebra of A, 
CeiiA(S) := {a G A \ as = sa for all s G S}, is called the centralizer of S in A. The next lemma 
shows that the algebra I„ is a central algebra, i.e. its centre Z(I n ) is K. 

Lemma 5.4 1. Cen^ (F„,o) = Cen^ (!)„) = D n . 

2. The centre of the algebra I„ is K . 

3. Cem„(I„) = K. 

Proof. 1. Since F„,o C -D n and D n is a commutative algebra, we have the inclusions D n C 
Ceni n (D„) C Cen^ (F„.o). It remains to show that the inclusion C :— Ceni„(F nj o) C D n holds. 
Recall that the algebra I„ = QeZ „ In, a is a ^"-graded algebra with F„ !0 G D n = I„. . Therefore, 
C is a homogeneous subalgebra of I„, i.e. C = © QeZ n C a where C a := CnI n , Q . We have to show 
that C a = for all a ^ 0. Let c G C a for some q / 0. Then c = v Q! +dv Q! _ for some element 
d G L> n (the elements v ay+ and v Qi _ are defined in Theorem 13.91 (1)). For all elements Epp G F raj0 
where (3 G N™, 

C-E^ = V a , + dT a -(Epi3)v a -= V at + dEp- a _ t p- a _V a -, 
EppC = V a , + T a ,+ (Epp)dv a - = Vc+Ep-a+rf-a+dVa _, 



where r a ,_ := n a ,<o r " r <*.+ : = U. ai >o T i, «- := -E a ,<o a ' e ' and a + := E Qi >o a * e * (^t = 
if either s N™ or t ^ N"). Since c£^ = -E^/jc and the map a H> Uo-.+awQ,^ is injective (its left 
inverse is the map a H> u Q -a«a,+, see ([T4]) ). we have the equality Ep- a+ .p^ a+ d = Ep— a — t p— a _ d 
for each /3 G N™. Since © 7gN „ KE 11 is the direct sum of ideals of the algebra D n , it follows that 
E 11 d = for all elements 7 G W L . Then it is not difficult to show that d — (using the fact that 
each polynomial of K[Hi, . . . , H n ] is uniquely determined by its values on the set N"). 

2. By statement 1, the centre Z of the algebra I n is a subalgebra of D n . Let d G Z. For all 
elements i = 1, . . . , n, = dxi—Xid = Xi{Ti{d)—d). Since I„ C A„, we see that = yiXi{ji(d)—d) = 
Ti{d) — d, and so d G HILi kero^Tj — 1) = if. Therefore, Z = K. 

3. By (TT21 . F n> o C X n . This implies that C := Cenj n (X n ) C Ceni n (F ni o) = -D„, by statement 
1. Let d€C. Then 

= 4 • = di(d I - ( d) = di f(n(d) -d) = n(d) -d for all i = l,...,n, 

J i J i J i 

where r,(a) = c^a f,. Hence d G HiLi ker£> n (7-j — 1) = K, and so C = K . □ 

Lemma 5.5 Let C = P n , K[di, . . . , d n ], K [J" . . . , J ] or D„ . Then Ceni n (C) = C and C is a 
maximal commutative subalgebra of the algebra I n . 

Proof. The first statement, Ceni n (C) = C, follows from the fact that the algebra I n is II 1 - 
graded and the canonical generators of the algebra C are homogeneous elements of the algebra I n 
(we leave this as an exercise for the reader). Then C is a maximal commutative subalgebra of the 
algebra I„ since Cen^ (C) = C and C is a commutative algebra. □ 

The group I* of units of the algebra I„ and its centre. The group of units of the 
algebra A\ contains the following infinite discrete subgroup Theorem 4.2, [TT] : 

n ■= + ' il^ - ^ I e z< z )} ~ 1^. (22) 

i>0 (>1 
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For each tensor multiple A±(i) of the algebra A n = 1 ^ be the corresponding 

group TL. Their (direct) product 



U„ :=Hi(l)---Hi(n) = l[Hi(i) 



(23) 



is a (discrete) subgroup of the group A* of units of the algebra A n , and TL n — W l — (Z n )( z K 
Note that A,* = K* x (H„ x (1 + a*)*) and Z(A*) = K* (Theorem 4.4, [IT]). A similar result 
holds for the group I* of the algebra I„ (Theorem 15. 6p . Since a n is an ideal of the algebra I n , the 
intersection (1 + a„)* := I* fl (1 + a„) is a subgroup of the group I* of units of the algebra I n . 

Theorem 5.6 1. Let¥ n := 0" =1 (if + F(i)). Then 

T n = K* x (1 + a n )* and I* n D (1 + F„ n a„)* ~ GL oc (X) x • • • x GL^K) . 



2 n — 1 times 



2. The centre of the group I* is K* . 

Proof. 1. The commutative diagram of algebra homomorphisms 



yields the commutative diagram of group homomorphisms 



I* 



R* ^ A* 

Since B* = \J aeZ „ K*d a and A* n = K* x (H n X (1 + <)*), we see that 

if* x (1 + o„)* C T n C I„ n A; = K* x (I„ n (1 + (£)*) =rx(l + O* =K* x(l + a n )* 

since a£ r = a n (Theorem 13. II) . Therefore, I* = K* x (1 + a„)*. 
Since F n C I rl C A„, it is obvious that 

K 2 (1 + F„ n a„)* = (1 + F„ n <£)* ~ GL oc (X) k • • • x GL^K) . 

2" — 1 times 

The isomorphism is established in Corollary 7.3, |14) . 

2. Let 5 be the set of elements of the type 1 + Yl ieI e SiSi (i) where ^ I C {1, ...,n}. 
Then S C I* and CennJS) = Cen In (F ni0 ) = D n , by Lemma El (1)- Therefore, Cen^S) = 
Cen In (S) n I* = D„ni; = D* n = ¥* n . We see that CenF n , (S) = K. Therefore, the centre of the 
group I* is K*. □ 

The group of units (1 + F)* and I*. Recall that the algebra (without 1) F = ® f jeN Ke^ is 
the union M^K) := [j^ M d (K) = lim M d (K) of the matrix algebras M d (K) := (Bi<i,i<d-i Ke t 
i.e. F = M oc (if). For each d > 1, consider the (usual) determinant det^ = det : 1 + M d (K) —> K, 
u i ^ det (it). These determinants determine the (global) determinant, 

det : 1 + Moo(K) = 1 + F ^ K, det(w), (24) 

where det(it) is the common value of all the determinants det<j(u), d 3> 1. The (global) determinant 
has usual properties of the determinant. In particular, for all u, v £ 1 + M^K), det(uu) = 
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det(w) • det(u). It follows from this equality and the Cramer's formula for the inverse of a matrix 
that the group GL 00 (_fi') := (1 + M^K))* of units of the monoid 1 + M^K) is equal to 

GL oc (X) ={«el + M X (K) | defc(u) + 0}. (25) 

Therefore, 

(1 + F)* = {u e 1 + F | det(u) ^ 0} = GLoo(if). (26) 

Corollary 5.7 I* = K* X (1 + F)* = K* x GL M (Jf), ie. If = {A(l + /) | det(l + /)/0,Ae 
K*,f £ F}. The elements A £ K* , 1 + /uejj where fj, £ K and i ^ j, and 1 + 7 e oo where 
7 6 — 1} are generators for the group I* . 



6 The weak and the global dimensions of the algebra I n 

In this section, we prove that the weak dimension of the algebra I„ and of all its prime factor 
algebras is n (Theorem 16. 2[) . An analogue of Hubert's Syzygy Theorem is established for the 
algebra I„ and for all its prime factor algebras (Theorem I6.5[) . 

The weak dimension of the algebra I„. Let 5 be a non-empty multiplicatively closed 
subset of a ring R, and let ass(S') := {r G R \ sr — for some s £ S}. Then a left quotient ring of 
R with respect to S is a ring Q together with a homomorphism ip : R — s> Q such that 

(i) for all s £ S, tp(s) is a unit in Q; 

(ii) for all q G Q, q — (p(s)~ 1 (p(r) for some rgiJ and s € S, and 
(hi) kei((p) = ass(S*). 

If there exists a left quotient ring Q of R with respect to S then it is unique up to isomorphism, 
and it is denoted S~ X R. It is also said that the ring Q is the left localization of the ring R at S. 

Example 1. Let S := 5 a := {<9 l , i > 0} and i? = I x . Then ass(S) = F, I x /ass(S) = 5i and the 
conditions (i)-(iii) hold where Q = B\. This means that the ring B\ — \\JF is the left quotient 
ring of Ii at S, i.e. B 1 ~ S^Ii. 

Example 2. Let S 1 := S du ... <dn := {d a ,a E W 1 } and i? = I„. Then ass(S ai ,..., a J = o„, 
In /in = -Bn, and 

^9i^...,a„^ 1 — ( 2 ^) 
i.e. B n is the left quotient ring of I„ at Sd lt ...,d n - Note that the right localization I n £g a of I n 
at Sd 1 ,...,d„ does not exist. Otherwise, we would have 1 a I n ~ InS^ 1 g but all the elements 
d a are left regular, and we would have a monomorphism I n — > Sg d l n ~ B n , which would be 
impossible since the elements di of the algebra I„ are not regular. By applying the involution * 
to (|27p . we see that 

InS! f ,-J ~ ^"' 

i.e. the algebra B n is the right localization of I„ at the multiplicatively closed set Sj r := 
{/ a | a S N"}. 

Given a ring i? and modules rM and ATr, we denote by pd(^M) and pd(A^) their projective 
dimensions. Let us recall a result which will be used repeatedly in proofs later. 

It is obvious that P n ~ A n /Y^i—i A n di. A similar result is true for the I„-module P n (Propo- 
sition mU (2)). Note that pd An {P n ) = n but pd In (P n ) = (Proposition O (3)). 

Proposition 6.1 1. I x = Ii<90Iie oo and \ = /Ii0e oo li. 

2. In P n ~I n /Er =1 In5i. 

3. The \ n -module P n is projective. 

4- F n — F® n is a left and right projective l n -module. 

5. The projective dimension of the left and right \ n -module 1„/F n is 1. 
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6. For each element a £ N n , the l n -module I n /l n d a is projective, moreover, I n /I n d a ~ 

er=i(^w<8>®^iiW) ai - 

Proof. 1. Using the equality J d = 1 — eoo, we see that Ii = lid + Iieoo. Since deoo = and 
e oo = e oo, we have Ii<9 CI Iieoo = (Ii<9n Iieoo) eoo f_ Ii<9eoo = 0. Therefore, Ii = Ii<90 Iieoo. Then 
applying the involution * to this equality we obtain the equality Ii = / Ii ® eooli- 

2. Since i ± Pi ~ Iieoo = (Blew K e Wi 1 ^ eoo, we have ^Pi ~ Ii/Ii<9, by statement 1. 
Therefore, K P n ~ ®^ =1 AW - ®? =1 Ii ^ !„/ ££=i I„d;. 

3. By statement 1, 

n n n n n 

i„ = ®ii(o = ®(ii(*)at0ii(*)eoo(<)) ^^n^oWSE 1 "^) -^0£ u )- 

i=l i=l i=l i=l i=l 

Therefore, P„ is a projective I n -module. 

4. Note that the left Ii-modulc F = (J) i>0 ^iEu ~ (Bi>o -Pi i s projective by statement 2. 
Therefore, F n = F®" is a projective left I n -module. Since the ideal F n is stable under the 
involution *, F* = F n , the right I„-module F n is projective. 

5. The short exact sequence of left and right I„-modules — ► F n — > I„ — > I n /F„ — > does not 
split since F n is an essential left and right submodule of I n (Lemma l5.2l f2)). By statement 4, the 
projective dimension of the left and right I„-module l n /F n is 1. 

6. Let Z™ = Ze^ where e\, . . . , e n is the canonical free Z-basis for Z n . Let m — \a\. Fix a 
chain of elements of Z™, fa — 0, fa, . . . , (3 m — a such that, for all i, fa, + i = fa + ej for some index 
j — j(i). Then all the factors of the chain of left ideals 

i n d a = i n d^ c i n d^- 1 c • • • c i n d^ c i„ 

are projective I„ -modules since I n d^ i /I n d^ i+1 ~ I„/I„<9j ~ [a^] <8> I ra -i is the projective In- 
module (statement 3). The first isomorphism is due to the fact that the element di is left regular, 
i.e. adi = bdi implies a — b (by multiplying the equation on the right by J). Therefore, the 
I„-module I„/I„9 a is projective. Moreover, I n /I n 8 a ~ 0™ = i(^M ® h(i)) a > ■ □ 

Theorem 6.2 Lei I IljTO := P> n - m ® I m where m = 0,1,..., n and Iq = Bq := K. Then 
wdim(I„ m ) = n for all m = 0, 1, . . . , n. In particular, wdim(I„) = n. 

Proof. The algebra B n is Noetherian, hence n — l.gldim(5g i 1 g In,m) = wdim(S n ) < 
wdim(I„, m ) (Corollary 7.4.3, [H]). To finish the proof of the theorem it suffices to show that 
the inequality wdim(I„ !m ) < n holds for all numbers n and m. We use induction on n. The 
case n — is trivial. So, let n > 1 and we assume the inequality holds for all n 1 < n and all 
m = 0,1,..., nl . For n, we use the second induction on m = 0,1,..., n. When m = 0, the 
inequality holds since I n ,o = B n and wdim(£?„) = n. 

Suppose that m > and wdim(I„ iiri ') < n for all ml < m. We have to show that wdim(I„ im ) < 
n or, equivalently, fdi n m (M) < n for all I„ !m -modules M (id denotes the flat dimension). Changing 
the order of the tensor multiples we can write I Jl TO = Ii (g>I„_ ljm _i. Then wdim(I„_i !TO _i) < n — 1, 
by the inductive hypothesis. Recall that B\ = Sq 1 Ii = 1%/F and every 9-torsion Ii-module V is 
a direct sum of several (maybe an infinite number of) copies of the projective simple Ii-module 
K[x] fProposition l6.lK 6)). hence V is projective, hence V is flat. Note that Sq 1 I„ im ~ I n ,m-i and 
wdim(I„ im _i) < n, by the inductive hypothesis. The I„ im -module torg(M) := {m £ M | d l m = 
for some i} is the d-torsion submodule of the I n)m -module M. There are two short exact sequences 
of I„ jm -modules, 

0^tor a (A/) -> M U^0, (29) 

-)• M -> Sg l M -> M' -> 0, (30) 

where the E n>m -modules torg(M) and M' are 9-torsion, and the I„-module S^M is 9-torsion 
free. To prove that fdi nm (M) < n it suffices to show that the flat dimensions of the I„, m - 
modules torg(M), S^M and M' are less or equal to n. Indeed, then by (13"U|) . fdi„ m (M) < 
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max{fdi nm (S'a 1 M),fdi n „ t (M / )} < n; and by O, fd Ijim (Af) < max{fdi n m (tor 9 (M)),fdi„ m (M)} 
< n. 

The Ii-module torg(M) (where I,t im = Ii<S>In-i.m-i) is a direct sum of copies (may be infinitely 
many) of the projective simple Ii-module K[x}. Note that Endi t (i4T[x]) ~ keix\ x ]{d) — K since 
i t K [x] ~ Ii/Iii9. Using this fact and Proposition 16.11 (6). for each finitely generated submodule T 
of the I njm -module tora(M) there exists a family {27}i 6 j of its submodules 77 where (7, <) is a well- 
ordered set such that if i,j E I and i < j then T t CTj,T = \J ieI T and 2i/|Jj-<i Tj ~ if [a;] ig) 77 
for some I n _i jrrl _i-module 77- Note that 

fdi n _ m (Js:[a;] (8)77) < fd K „_ 1 , m _ 1 (77) <n-l, 

since the Ei-module is projective. Therefore, fdi nm (T) < n — 1. The module torg(M) = 

Usee -^9 ^ s ^ ne un i° n °f its finitely generated submodules Tg, hence 

fd I „ m (tor a (M)) = fd In m (|J T e ) < sup{fd I „, m {T e )}e e e = n- 1. 

see 

Similarly, fdi (M) < n — 1 since the I„ jrra -module M is 9-torsion. 

It remains to show that fd Ira TO (5g 1 (M)) < n. By ([27]). the left ^-module B 1 is flat, hence the 
left I„ im -module B\ ® I„-i. m -i is flat. Then, by Proposition 7.2.2. (ii), |49j . 

fdi„, m (^a lM ) < fdB 1 ®i„_ liTO _ 1 (5g 1 M) + fd ]I „ im ( J B 1 «!„_!,„_!) < wdim(I„ >m _ 1 ) < n. 

The proof of the theorem is complete. □ 

Corollary 6.3 Let M be a d-torsion \ n ^ m -module, i.e. S^ X M = 0, where Sg 1 : I n ,m = Ii ® 
In— i,m— l — ^ -^1 ® In— l = In,m— l *s localization map and n,m > 1. 27ien £/iere exists a 
family {Tj}igj o/ I n ,m- submodules of M such that M = {J ieI Ti. (/, <) *s a well-ordered set such 
that ifi,j € / afid i < j i/ien 7* C T7, and 77/ Tj ~ if [a;] (8)77 /or some \ n ^\_ m ^\-module Ti. 

Proof. The Ii-module M is a direct sum of (may be infinitely many) copies of the projective 
simple Ii -module K[x\. Note that Endi 1 (K [x]) ~keiK[ x ](d) = K since i x K [x] alx/Iid. Using this 
fact, for the I„ !m -module M there exists a family {77}; e j of its submodules Ti where (J, <) is a well- 
ordered set such that if i, j e 7 and i < j then 77 C Tj , M = U 4e / Ti and 77/ \J j<:i Tj ~K[x]®Ti 
for some I„_i jTO _i-module 77- □ 

Corollary 6.4 Let A be a prime factor algebra of the algebra I„. Then wdim(A) = n. 

Proof. By Corollary [373] (10), the algebra A is isomorphic to the algebra I n ,m for some m. Now, 
the corollary follows from Theorem 16.21 □ 

The next theorem is an analogue of Hilbert's Syzygy Theorem for the algebra I n and its prime 
factor algebras. The flat dimension of an A-module M is denoted by fd^(M). 

Theorem 6.5 Let K be an algebraically closed uncountable field of characteristic zero. Let A be a 
prime factor algebra ofl n (for example, A = I n ) and B be a Noetherian finitely generated algebra 
over K . Then wdim(^4 ® B) = wdim(^4) + wdim(i?) = n + wdim(_B). 

Proof. Recall that A ~ E n ,m for some m £ {0, 1, . . . ,n} and wdim(I njm ) = n (Theorem I6.2j) . 
Since 

n + wdim(7?) = wdim(I„. m ) + wdim(7?) < wdim(I JljTO eg) B), 

it suffices to show that wdim(I„ im <8)7?) < n + wdim(7?) for all numbers n and m. We use induction 
on n. The case n = is trivial since A — K. So, let n > 1, and we assume that the inequality 
holds for all n' < n and all m! = 0, 1, . . . , n' . For the number n > 1, we use the second induction 
on m = 0, 1, . . . , n. The case m = 0, i.e. I ni o = B n , is known, Corollary 6.3, [8] (this can also be 
deduced from Proposition 9.1.12, [55]; see also [5]). 



20 



So, let m > and we assume that the inequality holds for all numbers m! < m. Let M be 
an l n ,m ® -B-module. We have to show that fdi„ m ®B(M) < n + wdim(_B). We can treat M as 
an I„ im -module. Then we have the short exact sequences (|29p and (|50j) which are, in fact, short 
exact sequence of I n>m ® B-modules. To prove that idj n m ®B(M) < n + wdim(i?) it suffices to 
show that the flat dimensions of the I n , m <g> i?-modules torg(M), Si M and M' are less or equal 
to n + wdim(_B), by the same reason as in the proof of Theorem l6.2l Repeating the same argument 
as at the end of the proof of Theorem l6.2[ for each finitely generated submodule T of the l n>m ®B- 
module torg(M) (where l n , m = Ii <E> I ra _i )m _i) there exists a family {Ti}i 6 j of its submodules Tj 
where (J, <) is a well-ordered set such that if i,j El and i < j then T t C Tj, T — [J ie i Ij and 
Til Uj<i ~ K[x\®Ti for some I n _i )TO _i ® B-module %■ Note that l n , m ®B = Ii®In-i,m-i®i? 
and 

t<hn, m ®B{K{%] ®%] < fdi„_ lm _ l8l B(7i) < wdim(I„_ liTO _ 1 ® B) = n - 1 + wdim(B), 

since the Ii-module If [at] is projective. Therefore, fdi„ m ®B(Ti) < n — 1 + wdim(B). The l„ jm <g)i?- 
module tor^(M) = Usee ^ ^ s ^ ne un i° n °f its finitely generated submodules Tg, hence 

fdi„ >m( »B(tor a (M)) = fdi„ >m ®s( [J Te) < sup{fdi„ m8B (T e )} eee = n — 1 + wdim(B). 

Similarly, fdi„ m ®B(M') < n — 1 + wdim(B) since the Ii-module M' is 9-torsion. 

It remains to show that fdi„ m ®B(Sg 1 M) < n + wdim(B). By ([28]) . the left Ii-module B\ is 
flat, hence the left I nm ® J5-module B\ ® I„_i m _i ig) 5 is flat. Then, by Proposition 7.2.2. (ii), 
09], 

f dK„, m ®s(5'a 1 M) < fd Bl ®i„_ 1 , m _ 1 ®s(% X M) + fdi„ , m ®s(-Bi ® I„_i, m _i eg) S) 
< wdim(B! (g) I„_i im _i ® B) < n — 1 + wdim(B! ® S) 
= n — 1 + wdim(_Bi) + wdim(_B) = n — 1 + 1 + wdim(_B) = n + wdim(_B), 

since the algebra B is Noetherian and finitely generated. The proof of the theorem is complete. 
□ 

The global dimension of the algebra I„. For all Noetherian rings, wdim(M) = gldim(M), 
and this is not true for non- Noetherian ring, in general. For many Noetherian rings, including the 
Weyl algebras A n and the algebras B n , the known proofs of finding their global dimensions are, 
in fact, about their weak dimensions as localizations and faithfully flat extensions are used. This 
fact together with the fact that the algebras I„ are not Noetherian are main difficulties in finding 
their global dimensions. 

Proposition 6.6 [5] Let M be a module over an algebra A, I a non-empty well-ordered set, 
{Mi}i£i be a family of submodules of M such that if i,j E I and i < j then Mi C Mj. If 
M = |J i6J Mi and pd A (Mj/M<,-) < n for all i E I where M Ki := \J }<i Mj then pd A (M) < n. 

Let V C U C W be modules. Then the factor module U/V is called a sub- factor of the module 
W. Each algebra I„. m is self-dual, so its left and right global dimensions coincide. Their common 
value is denoted by gldim(I„ jm ). 

Proposition 6.7 n < gldim(I„. m ) < n + m for all n E N and m = 0, 1, . . . ,n. In particular, 
n < gldim(I„) < 2n. 

Proof, n = gldim(B„) < gldim(I„, m ), by ([2T]) . It remains to show that gldim(I„ )TO ) < n + m. 
We use induction on n. The case n = is trivial as Io,o = K. So, let n > 1 and we assume that 
the inequality holds for all n' < n and all m = 0, 1, . . . , n'. For n, we use the second induction on 
m = 0, 1, . . . , n. When m = 0, the inequality holds since I nj o = B n and gldim(B„) = n. 

Suppose that to > and gldim(I n)m /) < n + m' for all m' < m. We have to show that 
gldim(I n)TO ) < n + 777, or equivalently pd Ire (M) < n + m for all I„ !in -modules M. Changing 
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the order of the tensor multiples we can write I n ,m = Ii ® I n _i )Jn _i. For the I„ jm -module M 
we have the short exact sequence of I„ im -modules $Z§§. By Corollary 16.31 for the I„ !m -module 
torg(M) there exists a family {Ti}i 6 / of its submodules Ti where (I, <) is a well-ordered set such 
that if i,j € I and i < j then T; C 7}, tor 9 (M) = (j ieI T t and TJ (j^. Tj ~ if [a;] <g> 77 for some 
In-i.m-i-niodule %. Note that 

pd Inro (if[x] 77) < pd h (K[x]) + vd ln _ lm _ 1 (T i ) <n + m-2. 

By Proposition 16.61 pdj (tora(M)) < n + m — 2. Note that pdj (In,m-i) < 1 (since — >• F — > 
li — > B\ — > is a projective resolution for the Ii-module Bi) and, by Proposition 7.2.2. (ii), [49] . 

pd Inm (M) < pd Inm _ 1 (M) + pd Inm (I„, m _i) <n + rn-l + l = n + m. 

By HMD, _ 

pd, n m (M) < max{pd In m (tor a (M)), pd In m (M)} <n + m, 

as required. The proof of the theorem is complete. □ 
Conjecture. gldim(I„) = n. 

7 The weak and the global dimensions of the Jacobian al- 
gebra A n 

In this section, we prove that the weak dimension of the Jacobian algebra A„ and of all its prime 
factor algebras is n ( Theorem IT. 21 Corollary IT. 3|) . An analogue of Hilbert's Syzygy Theorem is 
established for the Jacobian algebras A„ and for all its prime factor algebras (Theorem I7.4|) . 

A if-algebra R has the endomorphism property over K if, for each simple -R-module M, 
Endfl(M) is algebraic over K. 

Theorem 7.1 |10j Let K be a field of characteristic zero. 

1. The algebra An is a simple, affine, Noetherian domain. 

2. The Gelfand-Kirillov dimension GK (An) = 3n (^ 2n = GK (An)). 

3. The (left and right) global dimension gl.dim(.4„) = n. 
4- The (left and right) Krull dimension K.dim(*4„) = n. 

5. Let d = gl.dim or d = K.dim. Let R be a Noetherian K-algebra with d(R) < oo such that 
R[t], the polynomial ring in a central indeterminate, has the endomorphism property over 
K. Then d(A\ ® R) — d(R) + 1. //, in addition, the field K is algebraically closed and 
uncountable, and the algebra R is affine, then d(An ® R) — d(R) + n. 

GK(Ai) = 3 is due to A. Joseph gT], p. 336; see also @7], Example 4.11, p. 45. 
The Jacobian algebra A„ is a localization of the algebra I„. Using the presentations of 
the algebras I„ and A„ as GWAs, it is obvious that the algebra I„ is the two-sided localization, 

A n = S- l I n = l n S-\ (31) 

of the algebra I„ at the multiplicatively closed subset S :— {[^^(Hi+on)^ I ( a i) S ( n i) G N™} 

of I„ where (Hi + a;)* := < 1 ^ 1 a * — ^> s i nce5 f or a \\ elements (3 £ Z", 

[(i?i + Oi)i if di < 0, 

n n 

+ a*)? = Y[(Hi +a t - fcpvp. (32) 

i=l i=l 
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The left (resp. right) localization of the Jacobian algebra 

A„ = K(yi, . . . , y^Hf 1 , . . . , H^^xi, . . . , x n ), (where y { := H~ x xi) 

at the multiplicatively closed set S Vll ... t y n := {y a \ a G N™} (resp. S Xll .., iXn := {x a \ a G N™}) is 
the algebra 

The algebra A ra has the involution *. The algebra A n ~ A n /a e inherits the involution * since 
(o^)* = a^, and so do the algebras A W>TO := A n - m ® A m where m = 0, 1, . . . , n and A = Ao ■= K. 
Therefore, the algebras A„ im are self-dual, and so l.gldim(A„, r „) = r.gldim(A„, m ) :— gldim(A„ !m ). 

Theorem 7.2 Let A„^ m :— A n - m <8> A m where m = 0,1,..., n and Aq = Ao := K. Then 
wdim(A„ !?n ) = n for all m = 0, 1, . . . , n. in particular, wdim(A„) = n. 

/Yoo/. By Theorem O (1,3) and 

n = gldim(A l ) = wdim(A0 = l.gldim(S'~ : | ... i2M A n ) < wdin^S"* ... iI/n _ m A n ) = wdim(A„ jm ) 
< wdim(I„ !m ) = n (by (|3TJ) and Theorem IQj) . 

Therefore, wdim(A„ !m ) = n for all n and m. □ 

Corollary 7.3 Let A be a prime factor algebra of the algebra A„. Then wdim(A) = n. 

Proof. By Corollary 3.5, [11], the algebra A is isomorphic to the algebra A„ )m for some m. 
Now, the corollary follows from Theorem 17.21 □ 

The next theorem is an analogue of Hilbert's Syzygy Theorem for the Jacobian algebras and 
their prime factor algebras. 

Theorem 7.4 Let K be an algebraically closed uncountable field of characteristic zero. Let A be 
a prime factor algebra of A n (for example, A = A n ) and B be a Noetherian finitely generated 
algebra over K . Then wdim(yl <S> B) = wdim(A) + wdim(B) = n + wdim(£>). 

Proof. Recall that A ~ A„ )OT for some m G {0, 1, . . . , n} and wdim(A nim ) = n (Theorem 17. 2p . 
Since 

n + wdim(_B) = wdim(A„, m ) + wdim(i?) < wdim(A„. m <S> B) 
< wdim(S , ~ 1 I„ <E>B) < wdim(I„ (g> B) 
= n + wdim(_B) fbv Theorem 16. 5"!) . 

Therefore, wdim(A„ jm <g> B) = n + l.gldim(S). The proof of the theorem is complete. □ 

Proposition 7.5 n < gldim(A„. m ) < n + m for all n G N and m = 0, 1, . . . , n. In particular, 
n < gldim(A„) < 2n. 

Proof. By Theorem O (3), Proposition O $tt$ and ([33]), n = gldim(^l„) < gldim(A n , m ) < 
gldim(I Iljm ) < n + m. □ 

Conjecture. gldim(A„) = n. 
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